The purpose of this paper is to generalize some results on Schottky groups to extended Schottky type groups. Such groups represent compact Riemann surfaces with an even number of punctures.
1. Definitions and notation. A Riemann surface S is said to be a finite surface with t punctures if it can be obtained from a compact Riemann surface by the removal of t points. A retrosection on a Riemann surface is an oriented simple closed curve. If a is a retrosection on the Riemann surface then a retrosection ß is said to be conjugate to a if ß intersects a in only one point and a-ß= 1, i.e., the intersection number of a and ß is one. We then say that (a, ß) is a retrosection pair. A system of retrosections of type (r, s) on a finite Riemann surface S of genus r + s with t punctures is a set of r retrosections yx,..., y, and s retrosection pairs Xx,..., Xs such that S-{yx,..., yr, Xx, ■. -, Xs} is homeomorphic to the 2r+s+t times punctured sphere. Let G be a group of Möbius transformations viewed as automorphisms of the Riemann sphere P and A(G) the set of limit points of G, i.e., A(G) is the union of the derived sets of {Gz0} as z0 ranges over P. We assume that G is discontinuous, i.e., A(G)=£P. Then the factor space Sa = (P-A(G))/G is a union of Riemann surfaces ; the conformai structure of Sa is defined by requring that the natural map w of P -A(G) onto Sa be holomorphic. A connected region (an open set together with part of its boundary) D^P-A(G) is said to be a fundamental region for the discontinuous group G if \Jge0 g(D)=P -A(G) and no two points of D are equivalent under G.
A group G of Möbius transformations is said to be a group of extended Schottky type (r, s, p) (or an E.S.T. group of type (r, s, p)) with standard generators Tx,..., T" Wu ..., Wp, Ux, Vx,..., Us, Vs, and defining curves r" Vlt..., Yr, T'T, Ax, A'x, ..., Ap, A'p, Ax, ..., As where A¡ is a topological rectangle with sides £2i( S¡, Q[, s;, /»i,...,*, if We call D u (Uí=i r¡) "-1 (ÜS-i Ak) U (U*-i ß> u sí) a standard fundamental region for C7. Then P-A(G) is connected and (P-A(G))/G is a finite Riemann surface 5o of genus r + í with 2/? punctures, with a set of r + sdisjoint curves yx,..., yr, Xx,..., Xs distinguished on Sa such that yx,..., yr, Xx,..., Xs is a complete system of retrosections of type (r, s). If p = 0 then G is said to be of Schottky type (r, s) and SG is a compact surface.
Conversely, the fact that any finite Riemann surface of genus r + s with 2p punctures and a complete system of retrosections of type (r, s) can be represented i Figure 1 . E.S.T. group of type (1, 1, 1) by an E.S.T. group of type (r, s, p) is a classical theorem and can be proved by Bers' continuity method [3] .
2. Properties of E.S.T. groups. Property 1. Every E.S.T. group G of type (r, s, p) can be extended to a Schottky type group of type (r, s+p).
Proof. Draw curves yfc, vu through pk such that Ak, xk, A'k, x'k "form" a topological rectangle. Let Xk be a parabolic transformation with fixed point pk identifying Xk and x'k such that the group {Xk, Wk) is discontinuous. Then G is a subgroup of the group H generated by G and the Xk, k-\,...,p, where H is of Schottky type (r, s+p) (see Figure 1 ). and A'-1 and hence A' has a fixed point in Cl (Int T{). Thus A is loxodromic. The proof of all other cases is similar.
Property 4 is a special case of a more general theorem which we state as follows:
Theorem 1. In a combination group G satisfying the hypothesis of Klein's Combination Theorem an element is parabolic if and only if it is conjugate in G to a parabolic element belonging to one of the original groups.
The proof of this theorem is essentially the same as that of Property 4.
Subgroups of E.S.T. groups. We say a domain D<=P is of span zero if the only univalent analytic functions defined on D are Möbius transformations. It is classical that if G is an E.S.T. group then P-A(G) is of span zero (see Property 1 and [8])
. On the other hand Maskit has proven that the property of P-A(G) being of span zero essentially characterizes E.S.T. groups. Namely we have the following proposition :
Proposition 2. A discontinuous group is an E.S.T. group if and only if G is finitely generated, G has no elliptic elements andP-A(G)
is of span zero.
2vx -v Figure 2. Automorphism of type E3(c)
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
Outline of proof (2) . The only if part is clear. Conversely since A(G) has span zero, A(G) is connected, i.e., G has exactly one component A = A(G), and A is invariant under G. Let S = A/G. Since G is finitely generated Ahlfors' Theorem [1] implies S is a finite surface. By the Planarity Theorem [6] the covering of S by A is given by a set of simple disjoint loops on S (G has no elements of finite order).
Starting with 5 and the set of loops construct (see [5] ) a new group G* with invariant component A* which gives the same uniformization of S. By conformai invariance A* also has span zero. G* is constructed as follows: Cut S along each of the loops and fill in the holes with discs. This gives a collection of finite surfaces Sx,..., Sk. For each i=\,...,k let G¡ be the Fuchsian or elementary group representing Su Form the free product (Klein's Combination Theorem) of the G¡ and the resulting group is a quasiconformal deformation of G [5] . Since A* has span zero, each G¡ must be an elementary group. Thus G* is formed via Klein's Combination Theorem as the free product of elementary groups without elliptic elements and we conclude that G is an E.S.T. group. Theorem 2. Every finitely generated subgroup H of an E.S.T. group G is an E.S.T. group.
Proof. Since H is a subgroup of G, A(//)<= A(G) and thus P-A(H)=>P-A(G)
from which it follows that P-A(H) is of span zero. The theorem now follows from Proposition 2. For a proof of this theorem see [7] . We show that under the elementary automorphisms E^Eg standard generators for G go into standard generators. Certain cases, namely E^a), E^b), E2(a), E2(b), E3(a), E3(b), E6 are trivial. For the following lemmas we assume that G is an E.S.T. group with presentation as in the preceding theorem, and that those generators are standard for G. Proof. See Figure 5 . Here i=\,j=2.
We omit the lemmas for automorphisms of type E2(c), E4(b), and E5(b) as they are similar to the preceding ones. Theorem 3. If G is an E.S.T. group then under any automorphism of G preserving parabolic elements, standard generators are mapped onto standard generators.
Proof. The proof follows directly from the preceding lemmas and the automorphism theorem. 
